. In this article, we investigate a multispecies generalization of the single-species asymmetric simple exclusion process defined on an open one-dimensional lattice. We devise an exact projection scheme to find the phase diagram in terms of densities and currents of all species. In most of the phases, one or more species are absent in the system due to dynamical expulsion. We observe shocks as well in some regions of the phase diagram. We explain the density profiles using a generalized shock structure that is substantiated by numerical simulations.
I
The asymmetric simple exclusion process (ASEP) is a prominent model for driven diffusion of interacting particles on a lattice. ASEP is often regarded as paradigmatic in the study of nonequilibrium phenomena in statistical physics because of its rich phenomenology [12] . The open single-species ASEP involves particles moving with asymmetric dynamical rules and hard core nearest neighbour interaction along a finite one-dimensional lattice in touch with reservoirs. The totally asymmetric version (TASEP) was exactly solved by Derrida, Evans, Hakim and Pasquier in a seminal work [20] . They pioneered a novel technique, namely the matrix ansatz, to derive the phase diagram in the nonequilibrium steady state (NESS) by determining macroscopic observables like current and density. Subsequently, these results were extended to the partially asymmetric cases through computation of the phase diagrams by means of matrix ansatz and corresponding polynomial representation [28, 32] .
Besides the single-species cases, two-species ASEPs manifest interesting physical properties. For example, spontaneous symmetry breaking, phase transitions as well as condensation were observed in a class of two-species models [21, 4, 5] . Another important class of two-species ASEPs are the models with semi-permeable boundaries that forbid one of the two species of particles to enter or exit at the boundaries. Phase transitions and other stationary properties were unearthed for totally and partially asymmetric versions of such semi-permeable models [2, 3, 31, 8, 13] . Moreover, open two-species totally asymmetric models with general bulk and boundary rates were studied in [9] . Integrable boundary conditions of two-species ASEPs were completely classified in [19] . One such model with integrable boundaries is the leftpermeable ASEP or LPASEP which involves a combination of permeable and semi-permeable boundaries. Matrix ansatz along with the integrability property were used to derive phase diagram and subphases in LPASEP [6] . Finally, phase diagrams were also investigated for a couple of totally asymmetric two-species models along with an explicit representation for matrix ansatz in [17] .
The generalization of ASEP by considering multiple species have implications both for applied and theoretical investigations. In particular, multispecies ASEPs are useful in the modelling of cell motility [27] , traffic flow [29, 30, 24] and biological systems [1, 11, 15, 16, 26] . However, in contrast to the two-species models, there has been rather limited success in finding the phase diagram for open multispecies ASEPs with arbitrary number of species. Almost two decades ago, the structure of the phase diagram was gleaned for such a multispecies model where rates could be chosen from a continuous or discrete distribution [25] . Matrix ansatz technique was employed to analyze a multispecies generalization in the context of traffic flow in [24] , as well as multispecies models with ordered sequential and sub-lattice parallel update schemes in [23] . More recently, the semi-permeable two-species models were generalized by defining a multispecies ASEP model known as mASEP in [14] . There, important results related to its NESS were rigorously proved. Later, the phase diagram for mASEP was understood in [10] via the colouring technique. Integrable boundary conditions were discussed for a class of multispecies models with arbitrary number of species in [18] . Densities and currents were determined through matrix product approach for another class of multispecies model in [22] . In addition, the two-species LPASEP was generalized to a model called mLPASEP in [7] . For mLPASEP too, the colouring technique was utilized to compute the phase diagram.
In the present contribution, we study the phase diagram of a multispecies partially asymmetric exclusion process with arbitrary number of species and permeable boundaries. We shall call our model multispecies permissive ASEP (or mpASEP in short) because both the boundaries permit a species to be replaced with any other species. We construct a colouring scheme that projects the mpASEP onto the open single-species ASEP model. We identify all phases as well as the coexistence regions in the multi-dimensional phase diagram. In the majority of the phases, we observe interesting physical phenomena such as dynamical expulsion when particles of one or more species are expelled from the lattice. Nevertheless, corresponding to each species, we find a phase where high density of that particular species can be adopted in the system. We provide explanation to the coarse features of density profiles by means of the generalized shock picture. We note here that we use only colouring argument to compute the macroscopic quantities and the phase diagram without any matrix ansatz.
The present article is organized in the following way. First, we define the mpASEP in Section 2. Then we recall the phase diagram and shock picture in the single species ASEP in Section 3 because our analysis is built on the results for the single-species case. In Section 4, we present the phase diagram and all densities and currents in each phase. The penultimate section, i.e. Section 5, contains discussion regarding the generalized shock picture.
M
The open ASEP is a continuous time Markov chain defined on a finite lattice of size L. At the boundaries, the lattice is attached to particle reservoirs so that particles might enter or leave from the lattice. Each site in the lattice can either be occupied by exactly one particle or be vacant. The particles are biased to move preferentially towards the right. Below, we define a multispecies model which has completely permeable boundaries. Indeed, the boundary interactions make this model distinct from other multispecies models such as mASEP [14, 10] and mLPASEP [7] where passage of particles is far more restricted at the boundaries.
The precise definition of multispecies permissive ASEP or mpASEP is as follows. Similar to the open ASEP, the mpASEP is defined on an open one-dimensional lattice of size L. There are total of (r + 1) species of particles in the mpASEP. Each species is identified with an element of the label set L := {0, 1, . . . , r }. The preference of rightwards hopping is determined by the natural order relation among the species: 0 < 1 < · · · < r. One can think of 0's as vacancies or the slowest species, r's as the fastest species, and any intermediate species i (0 < i < r) being faster or slower than another species j according to where i > j or i < j respectively. The left boundary interactions are given by (1) i → j with rate
where (α 1 , . . . , α r ) and (γ 0 , . . . , γ r−1 ) are sets of fixed positive parameters. In the bulk exchange of particles between neighbouring sites follows the rule (2) i j → ji with rate 1 if i > j, q if i < j, where we impose the condition 0 < q < 1. On the right boundary particles can be replaced with the following rates (3) i → j with rate 
Remark 1.
We can define a totally asymmetric variant of the mpASEP with r species in the following manner. We allow q = 0 as well as γ i = δ j = 0 for 0 ≤ i < r and 1 ≤ j ≤ r. Moreover, we put restrictions on the nonzero boundary rates such that 
T -ASEP
The open single-species ASEP (or simply ASEP for brevity) is a well-known model [20, 28, 32, 12] . Here, we review only the important facts that would be relevant to our discussion later. If we let r = 1 in the mpASEP, then the model is nothing but the ASEP. In the ASEP, there are particles of only one species, denoted with 1, and vacancies, represented by 0. At the left boundary, the injection and removal of particles take place with the following rates 0 → 1 with rate α, 1 → 0 with rate γ.
In the bulk, the rates for hopping forward and backward are 10 → 01 with rate 1, 01 → 10 with rate q.
Additionally, the right boundary interactions are given by the rules 1 → 0 with rate δ, 0 → 1 with rate β. The parameters α, γ, β and δ are positive real numbers.
Phase
Phase Region
1. Currents and bulk densities for the ASEP. We note here that ρ 0 + ρ 1 = 1, and J 0 = −J 1 .
In the thermodynamic limit L → ∞ [32] , the model exhibits three phases -high density or HD, low density or LD and maximal current or MC, as well as HD-LD coexistence line where one observes a shock in the system. The phase regions and bulk density and current in each phase are listed in the Table 1 in terms of the boundary parameters a = κ + α,γ and b = κ + β,δ , where
To summarize, the 1's have high density (> 1/2) in HD phase, low density (< 1/2) in LD phase, and density of 1/2 in MC phase. On the coexistence line, the density has a linear profile.
in MC phase, and depends on a (resp. b) in LD (resp. HD) phase as given in Table 1 . Figure 1 shows the structure of the phase diagram which is drawn using a and b.
The macroscopic features of the density profiles in different phases can be understood by appealing to a shock picture on the coexistence line 1 < a = b in the phase diagram. On the coexistence line, the instantaneous density profiles show a sharp discontinuity which is known as a shock. The shock picture describes the shock by plotting first density of the 1's at each normalized position of the lattice, and then density of the 0's on top of it. The shock picture for the ASEP is drawn in Figure 2 . The shock picture illustrates the shock between 1's and 0's by showing two regions, one marked with 1 and another with 0. In every shock picture such as this, height of a region at a site position x equals density of the species that labels the region.
On the coexistence line, the shock formed between 1's and 0's perform a random walk with zero net drift in the system leading to a linear density profile. In the HD phase, the shock acquires negative drift. Thus the shock gets pinned to the left and high density of 1's prevail on the system. In the LD phase, the shock is pinned to the right because it has positive drift. As a result, the system assumes low density. However, as one approaches the MC phase along the coexistence line, the height of the shock becomes zero with both particles and vacancies attaining equal bulk density. In each case, it can be checked that the bulk densities in Table 1 are consistent with the explanation provided here in terms of the shock picture in Figure 2 .
T ASEP
We derive the phase diagram for the mpASEP by constructing projections onto the singlespecies ASEP. We will refer to this projection procedure as k-colouring. The colouring technique was used earlier to study two-species TASEP models in [8, 9, 17] as well as to obtain the phase diagrams for mASEP [10] and mLPASEP [7] .
The essence of the colouring argument is that a set of particles might appear indistinguishable from the perspective of another set of particles because of the dynamical rules of the process. Thus an appropriate colouring, i.e. identifying particles of different species as a single species, can project the original model onto another model with fewer number of species. We refer to the colouring as exact if it is valid both in the bulk and the boundaries. For such a colouring procedure applicable to the mpASEP, we define k-colouring as follows. We label every species i < k with 0 k , and all other species i ≥ k with 1 k . Consequently, mpASEP now resembles the ASEP where particles with label 1 k (resp. 0 k ) play the role of particles (resp. vacancies). Before we go into more details for arbitrary r, let us first understand the colouring as well as the resulting phase diagram for the simplest nontrivial case, i.e. the case r = 2, in the next section. We postpone our discussion regarding the general case until Section 4.2.
Phase diagram of mpASEP with 2 species.
If we set r = 2, then mpASEP involves only two types of particles (and vacancies). For the sake of completeness, we note all boundary interactions below: Left:
0, 1 → 2 with rate α 2 , 0 → 1 with rate α 1 , 1, 2 → 0 with rate γ 0 , 2 → 1 with rate γ 1 , Right:
1, 2 → 0 with rate β 0 , 2 → 1 with rate β 1 , 0, 1 → 2 with rate δ 2 , 0 → 1 with rate δ 1 .
There are two possible colourings. In the first colouring, which we call 1-colouring, we identify 1's and 2's as 1 1 , and 0's as 0 1 . Then the 2-species mpASEP behaves exactly as the ASEP with the boundary interaction rates given by The phase diagram for the model just described is determined by the left and right boundary parameters a 2 = κ + α 2 ,γ 0 +γ 1 and
respectively.
00 01 02 10 20 11 F 3. The phases of the mpASEP for r = 2 visualized on a two-dimensional plane that is embedded in the (a 1 , a 2 , b 1 , b 2 )-space and determined by parameters (µ 1 , ν 1 ) as shown in (5) . The coordinates of the points L i and R i are given by (7) in Section 4.2 for the general case.
All phases reside in the (a 1 , a 2 , b 1 , b 2 )-space. However, it is easy to check that the relevant boundary parameters obey the restrictions a 1 < a 2 , and b 2 < b 1 . These constraints allow us to visualize the phases on a two-dimensional plane that is fixed by
gives the radial distance from the origin in
in the (b 1 , b 2 )-subspace. We derive the phase diagram shown in Figure 3 taking into account all possible colourings. The phase diagram consists of the following phases.
• Phase 00: • Phase 10: max {a 1 , 1} < b 1 , max {a 2 , b 2 } < 1.
• Phase 11: max {1, a 1 , b 2 } < min {a 2 , b 1 }.
• Phase 20: max {a 2 , 1} < b 2 . Here, we refer to each phase using a two-letter word of the form ij. Our convention is such that the word ij signifies the following. The phase ij is mapped to the HD phase of the ASEP by k-colouring for 1 ≤ k ≤ i. Moreover, k-colouring projects onto the LD phase for 2− j < k ≤ 2, and onto the MC phase for i < k ≤ 2 − j. For example, the phase 10 is projected onto the HD phase by 1-colouring, and onto the MC phase by 2-colouring. The word 10 indicates the same by our convention.
The currents in these phases are as follows. First, we note that the relation J 2 = −J 1 − J 0 is satisfied for all phases. This is true because the 2's can replace or be replaced by species 0 and 1 at the boundaries. Species 2 (resp. 0) has positive (resp. negative) current in all phases. Species 1 has zero current in phase 00 and on the semi-infinite line 1 < a 2 = b 1 . J 1 is positive or negative according to whether a 2 < b 1 or a 2 > b 1 .
The densities can be easily computed as well. Here, we describe only the densities of species 2 and 1 because we have ρ 0 + ρ 1 + ρ 2 = 1 in each phase. The 2's have high density in phase 20, and low density in phases 11 and 02. But, ρ 2 remains constant at 1/2 throughout the phases 00 and 10. Species 1 is expelled from the lattice in phase 00 even though injection rates (α 1 and δ 1 ) of the 1's are positive. Such a phenomenon which was observed earlier for multispecies models like mASEP and mLPASEP is referred to as dynamical expulsion [10, 6] . Moreover, the 1's exhibit low density in all other phases except the phase 11. The 1's can assume either high or low density in phase 11. However, ρ 1 varies continuously in this phase. One observes linear density profiles for species 2 and 1 (resp. 1 and 0) on the coexistence line 1 < a 2 = b 2 (resp. 1 < a 1 = b 1 ) between the phases 20 and 11 (resp. 20 and 11).
For the exact expression for the densities and currents, the reader is referred to Table 2 . The simulation results for densities are shown in Figure 4 .
Remark 2.
We consider following specializations of the boundary parameters: (1) α 2 = α = 1 − α 1 , β 0 = β = 1 − β 1 , γ 0 = γ 1 = δ 2 = δ 1 = 0, and (2) α 2 = α = 1 − α 1 , β 0 = β, γ 0 = γ 1 = δ 2 = δ 1 = β 1 = 0, with α, β < 1. Then, if one permits q = 0, the 2-species mpASEP exactly corresponds to the couple of 2-species TASEP models discussed in [17] . There the models were referred to as P 1 and P 2 for specializations (1) and (2) respectively. One can easily check that in the limit q → 0 the phase diagram in Figure 3 translates to the phase diagrams for P 1 and P 2 described in [17] for these specializations.
Phase diagram for mpASEP .
The phase diagram for the mpASEP with r species is composed of total r(r + 1)/2 phases in a 2r-dimensional space. There are 2r independent parameters because of r possible k-colourings. On application of each k-colouring to the mpASEP, the boundary interactions become Left:
In the bulk, 1 k 's hop forward (resp. backward) with rate 1 (resp. q). Hence the relevant boundary parameters are a k := κ + A k ,G k , and
. Since we need to consider all colourings at the same time, a typical point in the phase diagram for the mpASEP is described by the coordinates (a 1 , . . . , a r , b 1 , . . . , b r ) .
In spite of a large number of parameters, finding the phases simplifies considerably because a i < a j and b j < b i always hold true for i < j. In order to describe the phases, each phase is identified with a word consisting of two letters i, j ∈ {0, . . . , r } with 0 ≤ i + j ≤ r. Further, it is convenient to use the shorthand notations j = r − j, and j ± = j ± 1. Then the phases are as enlisted below.
• Phase 0 (0 ≤ l < r): max {a r−l , b 1 } < 1 < a r−l+1 .
• Phase 0r : max {1, b 1 } < a 1 .
• Phase j (0 < j < r, 0 ≤ l < r − j): max a r−l , b j+1 < 1 < min a r−l+1 , b j .
• Phase jj (0 < j < r): max 1, a j−1 , b j < min a j , b j−1 .
• Phase r 0: max {a r , 1} < b r . The notation is such that one can easily keep track of the effect of k-colouring on each phase. To be more specific, we consider phase ij. When we project the mpASEP onto the ASEP with the application of k-colouring, this phase maps to the HD phase for 1 ≤ k ≤ i, to the LD phase for r − j < k ≤ r, and to the MC phase for i < k ≤ r − j.
We visualize all phases on a two-dimensional plane that passes through each phase. We focus on one such plane that is determined by (6) a r = µ r−1 a r−1 = · · · = µ 1 a 1 , b 1 = ν 1 b 2 = · · · = ν r−1 b r , where we fix scalars µ i , ν i > 1 with µ i > µ j and ν j > ν i for i, j ∈ [r − 1] and i < j. On this plane, let L i (resp. R i ) be the point where the hyperplanes a i = 1 (resp. b i = 1) and b i = 0 (resp. a i = 0) intersect. Thus the coordinates of L i and R i are given by (7)
In the (a 1 , . . . , a r )-subspace, we define a := for (b 1 , . . . , b r )-subspace. We describe the structure of the phase diagram in Figure 5 in terms of the parameters a and b as well as L i 's and R i 's. The phases jj and j − j − coexist on the semi-infinite line 1 < a j = b j with j ∈ [r]. All coexistence lines appear as thick lines in the phase diagram in Figure 5 . In addition, we show the semi-infinite lines 1 < a i = b j for i > j as dashed lines. Unlike the coxistence lines, these lines do not separate different phases. The significance of these lines will be highlighted in the next subsection where we discuss densities and currents.
. . .
. . . (a 1 , . . . , a r , b 1 , . . . , b r )-space. We use the following shorthand notations: j ± ≡ j ± 1, j ≡ r − j, and j ± ≡ r − j ± . 4.3. Currents and densities. All densities and currents can be computed using the k-colouring. We discuss the calculations in details for phase 0j, and mention only the results for rest of the phase regions below. For our convenience, we define f (x) = 1/(1 + x), f (x) = 1 − f (x), and
. We summarize the results in Table 2 .
Phases 0 and 0r . The k-colourings project phase 0 onto the MC phase for k ≤ r − l and LD phase for k > r − l. Therefore densities satisfy
From these relations, we have ρ 0 = 1/2, and ρ i = 0 for 0 < i < r − l. Thus each species i greater than 0 and smaller than (r − l) are dynamically expelled from the system. Other species have positive densities as listed in Table 2 . Similarly, for the currents we have
Straightforward calculation shows J 0 = −g(1, 0), J i = 0 for 0 < i < r − l, whereas all species i ≥ r − l have positive currents: J r−l = g(1, a r−l+1 ), J i = g(a i , a i+1 ) for r − l < i < r, and J r = g(a r , 0). For the phase 0r , all colourings map to LD phase. Each species have nonzero densities as well as currents. Except species r, every species has negative currents (see Table 2 ).
See Figure 4 (a), (b) and (c) for density profiles obtained from numerical simulations in phases 00, 01 and 02 for the case r = 2.
Phases j and jj. Let us first consider the phase j (with j > 0 and < j). All species i with j < i < r − l are dynamically expelled in this phase. These species have vanishing densities and currents. All other species have low densities. Any species equal to or smaller (resp. greater) than j (resp. r − l) has negative (resp. positive) current.
The phase jj differs from other phases of the form j because no k-colouring projects phase jj onto the MC phase. No species is dynamically expelled from the system. Every species other than species j has low density everywhere in this phase. The species j assumes high density where a j+1 and b j satisfies f (a j+1 ) + f (b j ) < 1/2. Otherwise, density of the j's is low as well. It must be noted, nevertheless, that ρ j varies continuously with the parameters a j+1 and b j throughout phase jj. The currents are nonzero for all species with the following exception. There is no current of species j on the part of the hyperplane a j+1 = b j contained in phase jj. This part of the phase diagram is the semi-infinite line 1 < a j+1 = b j shown as dashed line in Figure 5 . To explain vanishing current of the j's on this line, we note that
Since correlations are expected to be absent in the theormodynamic limit, we have
Bulk densities and currents in each phase for the mpASEP. We use the convention that J > 0 (resp. J < 0) if flux of particles is directed towards the right (resp. left) boundary.
Thus J j becomes zero for a j+1 = b j . Furthermore, it immediately follows that J j is positive (resp. negative) for b j < a j+1 (resp. b j > a j+1 ) in phase jj.
The simulation results for density profiles in phases 10 and 11 related to the case r = 2 are recorded in Figure 4 (d) , (e), (f) and (g).
Phase r 0. Every colouring projects phase r 0 onto the HD phase. All species have nonzero densities, as well as currents. All but species 0 have positive currents.
The density profiles in phase 20 for r = 2 are plotted in Figure 4 (h).
j − j − − jj Coexistence Line and Other Semi-infinite Lines. The k-colouring maps j − j − − jj coexistence line to the HD phase for k < j − 1, to the LD phase for k > j − 1, and to the coexistence line of the ASEP for k = j − 1. All species have nonzero bulk densities, but the density profiles of species ( j − 1) and j are phase-segregated. These two species have linear density profiles (see Figure 4 (i) and (j) for simulation results related to the case r = 2). It is interesting to note that, on the semi-infinite line 1 < a i = b j with i > j, the densities and currents always satisfy (11) i m= j+1
We have already discussed the densities and currents for i = j + 1. For i > j + 1, the line 1 < a i = b j passes through more than one phase. Thus, the functional forms of the densities and currents for a point on this line will depend on the phase to which that point belongs.
T ASEP
We describe here the generalized shock picture that we use to explain density profiles in each phase for mpASEP. It is convenient to consider first the shock picture on the coexistence lines in the phase diagram. Below, we will start with the coexistence lines, and then go on to discuss other phases.
The generalized shock picture for the mpASEP on the j − j − − jj coexistence line in the phase diagram in Figure 5 . The schematic plot shows a shock formed between species j − 1 and j. For r = 1, one recovers the shock picture for the ASEP shown in Figure 2 from the generalized shock picture. j − j − − jj Coexistence Line. A shock between species ( j − 1) and j forms on the boundary of the phases j − j − and jj as shown in Figure 6 . Particles of every other species play the role of spectators, and maintain constant density in the system. The shock undergoes a random walk with zero net drift. Thus, the density profiles for ( j − 1) and j are linear, whereas ρ i is constant for all other species. For r = 1, there is no other species except the 0's and 1's which take part in the shock. In this case, it is easy to verify that the generalized shock picture reduces to the one displayed in Figure 2 .
In Figure 7 (a) and (b), we plot instantaneous density profiles for r = 2 obtained from numerical simulations pertaining to the coexistence regions 02 − 11 and 11 − 20 in the phase diagram. These simulations agree with the shock picture explained here. Phase j − j − and jj. As one moves away from j − j − − jj coexistence line and approaches phase jj, the ( j − 1) − j shock acquires negative drift. Consequently, the shock gets pinned to the left boundary leading to the bulk densities for phase jj listed in Table 2 . The total density of all species i ≥ j is always higher than 1/2 in phase jj. However, in phase j − j − , the ( j − 1) − j shock has positive velocity which pins the shock to the right. Thus, densities are such that the inequality r n= j ρ n < 1/2 holds true in phase j − j − . Phase j . We consider all phases j with 0 ≤ j < r and 0 < l < r − j. First, we consider the phase jj + . This phase can be accessed as we move along the jj−j + j + coexistence line towards the origin. On this coexistence line, the shock is formed between species j and j +1. As one reaches phase jj + , the height of the shock reduces to zero along with j m=0 ρ m = 1/2 = r n= j+1 ρ n . All densities remain unchanged in this process except for species j and j + 1. This is because k-colouring maps phase jj + to the MC phase rather than the coexistence line of the ASEP for k = j + 1, whereas the projections remain same for k j + 1.
Before we discuss density profiles in the rest of the phases, it is useful to understand the dynamical expulsion of every species greater than j and lower than (r − l + 1) in phase j with < j + . Let us consider the simplest case = j ++ where j ++ = j + 2. We consider the semi-infinite line 1 < a j+2 = b j+1 on which we have ρ j+1 = 1 − 2 f (b j+1 ). As one moves along this part of the phase diagram towards the origin, ρ j+1 decreases as b j+1 decreases. Eventually, density of the ( j + 1)'s becomes zero for b j+1 ≤ 1 when one enters the phase jj ++ from phase j + j + . Moreover, we observe that j m=0 ρ m = r n= j+2 ρ n = 1/2 is satisfied in phase jj ++ . Although ρ j+1 vanishes in phase jj ++ , it is possible that the ( j + 1)'s enter the lattice
The scematic plot of the hyperplane b j = C (red dotted line) that passes through all phases of the form j . Here, we use the notation j ++ = j + 2. Some details of the phase diagram are omitted in this plot. We have included only the essential parts that make this illustration suitable to our discussion regarding phase j in Section 5.
because of nonzero boundary rates. To see why such particles are driven out of the system, we must consider boundary effects near the left and right boundaries. The densities satisfy j m=0 ρ m (x) < 1/2 < r n= j+2 ρ n (x) and j m=0 ρ m (x) > 1/2 > r n= j+2 ρ n (x) at the normalized site position x near the left and right boundary respectively due to boundary effects. Thus the ( j + 1)'s will be driven away from the bulk at both the boundaries. Similarly, we can understand dynamical expulsion in phase j by considering the semi-infinite line 1 < a r−l = b j+1 . Indeed, one checks using (11) that r−l n= j+1 ρ n vanishes as one approaches phase j along this line. It suffices to understand density profiles in all phases j for fixed j. First, we fix a constant C ∈ (1, ν j /ν j−1 ), and the hyperplane b j = C on which b j+1 < 1 < b j is satisfied. One such hyperplane that passes through the phases under consideration here is indicated as the red dotted line in Figure 8 . The coordinate of R * where the hyperplanes b j = C and a r = 0 intersect on the two-dimensional phase diagram is given by R * ≡ CR j . Now, we explain the density profiles in phase jj ++ starting with its adjacent phase jj + for which we have already explained the density profiles using the shock picture. As one moves along the hyperplane b j = C from phase jj + towards phase jj ++ , ρ j+2 increases to ( f (1) − f (a j+3 )) ( f (1) for j + 2 = r) at the hyperplane a j+2 = 1 which is the boundary between these phases. The same expression for density of species ( j + 2) remains unaltered throughout phase jj ++ . In constrast, the density of the ( j + 1)'s decreases to zero. The ( j + 1)'s stay dynamically expelled in phase jj ++ as explained previously. However, other species retain their expressions for densites in this process.
In general, as we move further along b j = C towards phase j0, ρ n vanishes and ρ n+1 becomes ( f (1) − f (a n+2 )) ( f (1) for n = r − 1) at the hyperplane a n+1 = 1 for j + 1 < n < r. To reach j starting from jj + along the line b j = C, one must pass through the hyperplanes a n = 1 for j + 1 < n ≤ r − l. In this process, ρ i declines to zero for j < i < r − l, and ρ r−l becomes ( f (1) − f (a r−l+1 ) ( f (1) for l = 0), where functional forms of other densities remain the same as in phase jj + .
C
We have studied the phase diagram for the mpASEP, a multispecies asymmetric simple exclusion model with arbitrary number of species. A salient feature of the model is that it is endowed with boundaries permeable to all species in the system. The dynamics at the boundaries is so defined that we can project the multispecies model onto the single-species ASEP model by dint of colouring. As mentioned earlier, we do not have a matrix ansatz for this model to evaluate the physical quantities directly. It will be a challenging and immensely interesting problem to find such an exact solution for the mpASEP. E-mail address: dipankarroy@iisc.ac.in
